The temperature behaviour of meson condensates < σ 0 > and < σ 8 > is calculated in the SU (3) × SU (3)-linear sigma model. The couplings of the Lagrangian are fitted to the physical π, K, η, η ′ masses, the pion decay constant and a O + (I = 0) scalar mass of m σ = 1.5 GeV. The quartic terms of the mesonic interaction are converted to a quadratic term with the help of a Hubbard-Stratonovich transformation. Effective mass terms are generated this way, which are treated self-consistently to leading order of a 1/Nexpansion. We calculate the light <qq > and strange <ss >-quark condensates using PCAC relations between the meson masses and condensates. For a cut-off value of 1.5 GeV we find a first-order chiral transition at a critical temperature T c ∼ 161 MeV. At this temperature the spontaneously broken subgroup SU (2) × SU (2) is restored. Entropy density, energy density and pressure are calculated for temperatures up to and slightly above the critical temperature. To our surprise we find some indications for a reduced contribution from strange mesons for T ≥ T c .
Introduction
The study of finite temperature QCD is important both for theoretical and experimental hadron physics. Theoretically a hadron gas in thermal equilibrium is the simplest system to study the dynamics underlying deconfinement and chiral symmetry restoration. Experimentally a nearly equilibrated hadron gas with a transverse radius R ⊥ ≈ 10 fm is supposed to give the dominant contribution at a later stage of relativistic heavy ion collisions. In principle this allows an experimental check of the equation of state of hadrons. In the following work we approach the phase transition region from the low temperature side. Below T ∼ 100 MeV pions are known to be the most relevant degrees of freedom. Above this temperature region also heavier hadrons give a non-negligible contribution to the condensates and thermodynamic quantities [1] . One way of including part of the heavier mesons is provided by the choice of SU(3) × SU(3) as chiral symmetry group rather than SU(2) × SU (2) 2 The model at zero temperature 
where the (3 × 3) matrix field Φ(x) is given in terms of Gell-Mann matrices λ ℓ (ℓ = 0, . . . , 8) as
Here σ ℓ and π ℓ denote the nonets of scalar and pseudoscalar mesons, respectively.
As order parameters for the chiral transition we choose the meson condensates < σ 0 > and < σ 8 >. The chiral symmetry of L is explicitly broken by the term (−ε 0 σ 0 − ε 8 σ 8 ), corresponding to the finite quark mass term m+ m ss s on the quark level. The chiral limit is realized for vanishing external fields ε 0 and ε 8 . Note
(1) may be regarded as an effective action for QCD, constructed in terms of an order parameter field Φ for the chiral transition. It plays a similar role to Landau's free energy functional for a scalar order parameter field for investigating the phase structure of a Φ 4 -theory. First conjectures about the chiral phase transition were based on a renormalization group analysis in momentum space [3, 4] . An ε-expansion in d = 4 − ε dimensions has been performed by Iacobson and Amit [4] . When it is applied to the Lagrangian of Eq. (1) with g = 0, ε 0 = 0 = ε 8 , it predicts a first order chiral transition. For three flavours the det-term is cubic in the field components. Hence a non-vanishing g will further support the first order nature of the transition. In contrast finite mass terms (ε 0 = 0 = ε 8 ) may change the transition to a smooth crossover behaviour, if their values are large enough.
Patkós and Frei confirmed the first order nature of the chiral transition in the chiral limit of the SU(3) × SU(3) linear sigma model [5] . The result was obtained in a saddle point approximation to the free energy functional in three dimensions (dropping the imaginary time-dependence of the fields Φ in Eq. (1)). In a subsequent work [6] it was shown that non-vanishing pseudoscalar meson masses actually change the first oder transition to a smooth crossover in the condensates, if otherwise the same approach is followed as in [5] .
In the present work we have extended the former approach to a treatment of the full four-dimensional theory, keeping all Matsubara frequencies in the effective potential. The reason is that a complete dimensional reduction from 4 to 3 dimensions may be approximately realized at high temperatures or for a second order phase transition. In the present work we are interested in the low temperature region; we also cannot expect a second order transition in the presence of explicit symmetry breaking terms. Therefore contributions from non-zero Matsubara frequencies may even qualitatively change the results. This is in fact what we will demonstrate in this paper.
The six unknown couplings of the sigma-model (Eq. (1)) (µ Table 1 ).
For the remaining scalar masses and the coupling constants we obtain the values of Table 1 . 
We usem 
in accordance with values from PCAC relations [8] within the error bars. Since we treat the coefficients ε 0 , ε 8 of < σ 0 > and < σ 8 >, andm, m s of <qq > and <ss > as temperature independent, we will use Eqs. (3) for all temperatures to translate our results for meson condensates into quark condensates.
We also check that the pseudoscalar meson mass squares, in particular m 
Thermodynamics
The thermodynamics of the linear sigma model is determined by the partition function with the Lagrangian of Eq. (1)
We will treat Z in a saddle point approximation. We calculate the effective potential as a constrained free energy density
that is the free energy density of the system under the constraint that the average values of σ 0 and σ 8 take some prescribed values ξ 0 and ξ 8 . The values ξ 0 min and ξ 8 min that minimize U ef f , give the physically relevant, temperature dependent vacuum expectation values, i.e. < σ 0 >= ξ 0 min , < σ 8 >= ξ 8 min . Hence we start with the background field ansatz
where σ the effective potential U ef f and Z is given by
where ′ ′ is a short-hand notation for
Next we insert the background field ansatz (6) in L and expand the Lagrangian
The constant terms in Φ ′ lead to the classical part of the effective potential U class
Linear terms in Φ 
Here ϕ 
The cubic part in Φ ′ will be neglected, while the quartic term L
is quadratized by introducing an auxiliary matrix field ( x, τ ). This is a matrix version of a Hubbard-Stratonovich transformation [9] . We have the identity
where 2εα + 3α 2 ≡ f 1
In the saddle point approximation we drop DΣ. As SU(3)-symmetric ansatz we use a constant diagonal matrix
The choice of s will be optimized later, cf. Eq. (28). When Z is rewritten upon using Eq. (13), L (4) of Eq. (12) is replaced by L (4)′ given as
Hence the effect of the quadratization procedure is to induce an extra mass term (s + µ 2 0 ) and a contribution U saddle to U ef f , which is independent of ξ 0 and ξ 8 .
We are not aware of an analogous identity to Eq. (13), which includes the detterm of L and leads to a tractable form. Therefore we drop the cubic term in Φ ′ as mentioned above.
This way we finally end up with the following expression forẐ
where
Thus we are left with an effectively free field theory. The only remnant of the interaction appears in the effective mass squared X 2 Q via the auxiliary field s.
The choice of a self-consistent effective meson mass squared has been pursued already in Refs. [5, 6] . This is an essentially new ingredient compared to earlier calculations of the chiral transition in the linear sigma model [10] . The positive contribution of s to the effective mass extends the temperature region, where imaginary parts in the effective potential can be avoided. In general, imaginary parts are encountered, when the effective mass-arguments of logarithmic terms become negative.
They are an artifact of the perturbative evaluation of the effective potential and of no physical significance, as long as the volume is infinite. In our application the optimized choice for s will increase as function of temperature and lead to positive
Q over a wide range of parameters.
Gaussian integration over the fluctuating fields Φ ′ in Eq. (18) giveŝ
and
denote the Matsubara frequencies. In contrast to our former approach [6] we keep all Matsubara frequencies and evaluate n∈Z / in the standard way, see e.g. [11] . The result isẐ
Here we have indicated thatẐ and U eff still depend explicitly on the auxiliary field s. The integral in Eq. (26) is regularized with a three-momentum cut-off Λ.
The thermal contribution U th vanishes at zero temperature and is finite for T > 0, while the zero point energy U 0 diverges as Λ → ∞.
The linear sigma model is a renormalizable theory, and the cut-off could be removed after a suitable renormalization prescription. Since we are dealing with an effective model, the need for such a renormalization may be less obvious. Anyway we do not believe in this model as an effective description for QCD, when the momenta exceed a certain scale, say Λ ≈ 1 − 1.5 GeV. The necessity for a renormalization arises, when we postulate a matching between the physical masses and condensates with the T = 0-values, and T approaches zero from above. Such a matching is guaranteed, if we impose the following subtractions on the zero point energy part
Here m Upon using Eq. (28) it is easily verified that < ξ i >, defined as
is free of extra contributions from the zero point energies at T = 0 if ln Z = −βV U ren eff (ξ 0 , ξ 8 ; s * ). Thus a matching with < ξ i > T = 0 is ensured. Similarly we find for the effective masses
Note that the sensitivity to the cut-off in Eq. (27) is reduced from a Λ 4 -dependence to a 1/Λ 2 -dependence. This is a desirable feature in view of the uncertainties in a suitable choice for Λ. We have taken Λ = 1.5 GeV and kept the cut-off finite throughout the calculations.
A further argument in favour of keeping the cut-off finite relies on results of Bardeen and Moshe [12] on the 1/N-expansion in O(N)-theories. According to these results a symmetry restored groundstate occurs as vacuum state at zero temperature, if the cut-off is sent to infinity. Now we are prepared to determine the temperature dependence of the order parameters < ξ 0 > (T ), < ξ 8 > (T ) from the minima of U ren eff (ξ 0 , ξ 8 ; s * ). Thermodynamic quantities like energy densities, entropy densities and pressure can be derived from Z in the standard way, if Z is approximated aŝ
Results
For the parameters of Table 1 we vary the temperature and determine for each An exact restoration cannot be expected, since the symmetry is explicitly broken in the Lagrangian. When we derive the quark condensates from Eq. (3), we treat the quark masses and the external fields as temperature independent up to the transition region. This assumption may not be justified. The corresponding error is unknown.
In our lowest order calculation of the effective potential we cannot distinguish between pole-and screening masses. By 'masses' we mean the effective masses in this temperature region is reduced compared to the low-temperature hadron gas.
In Fig. 3 we give the energy density ε/T 4 and pressure p/T 4 as function of temperature for a cut-off Λ = 1.5 GeV. The gap in the energy densities at T c , which is a measure for the latent heat, is obviously rather small, about 10% of ε at T c .
Sizeable contributions to ε come mainly from 8 degrees of freedom, the pions, the (11)) cancel and temperature tries to fully restore the broken symmetry.
Finally we remark that our value for T c is rather close to the lower limit of the Hagedorn temperature T H (T H ∼ 160 MeV) [13] . This may not be entirely accidental.
In our 1/N-expansion N means a large number of flavours, since
In order to keep QCD an asymptotically free theory also the number of colours 
